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1

Historically many people consider the classic "species problem", that of esti-
mating the number N of categories in a given population based on a random
sample, first introduced by Fisher et al (1943) and widely studied in ecology
and later extended to many other applications: see, for instance, Thisted and
Efron (1987) and Mao and Lindsay (2007). Bunge and Fitzpatrick (1993)
provide a review of various statistical methods to estimate the number of
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Abstract

Let IV be the number of classes in a population to be estimated. Fix
any preassigned error probability 0 < e < exp(—2) (roughly). We
present a sequential search algorithm to estimate the exact value of
N, with an error probability of at most €, regardless of the value of N.
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Introduction

unseen species.
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The estimation of the number of unseen species is a question closely
related to the problem of estimating the expected number of new species
that will be seen if we take an additional sample of any given size, see Good
and Toulmin (1956), Efron and Thisted (1976), Boneh et al (1998).

Several authors proposed estimation methods of the number of classes uti-
lizing sequential random sampling with various stopping rules, see Goodman
(1953), Samuel (1968, 1969), Holst (1971) and Nayak and Kundu (2007). In
the algorithm we propose the stopping rule is connected to a preassigned
error probability P(N # N) where N is our estimate of N.

The problem addressed in this paper can be formalized as follows. Let N
be a fixed but unknown positive integer. Let X, X, ... be i.i.d. random vari-
ables which take values in {1, 2, ..., N}, each of the N outcomes being equally
likely. Fix any preassigned error probability 0 < € < exp(—2) (roughly). We
want to estimate the exact value of IV, with an error probability of at most
€, regardless of the value of N.

2 The search algorithm

To teach ourselves how to proceed, suppose we begin by asking: When might
one decide it would no longer be advantageous to continue searching/
sampling (gathering observations) for items yet unseen?

Given that j different objects have already been recorded, let W, denote
the random waiting time describing the number of additional observations
that happen to be needed until the (j + 1)* item surfaced, with W;; = oo
if there are only j items. Formally, define 7} = W; = 1 and, having defined
Wifor 1 <j <k, letT; =W;+ ..+ W, and define
st .

V[/vj+1— {1 .Zzl-XH.—T]- %{Xla--;XTj} (1)
oo if no such ¢ exists.

and Tj = Wi+ ...+ Wi

Suppose N = n for some integer n > 0. For each n we use notation
Wi j+1 and T, j11. Imagine that we have found j different objects already
and have conducted another s observations without finding anything new.
What information does this provide?

P(Wy 1 > 5) = (%)S, for1<j<n-—1. (2)
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Suppose our search has currently found j objects and then W, exceeds
[A(j + k)] where k is to be determined. Let

t=1" 5>1: W > [AG+ k)] (3)

We stop at such time ¢ and declare that N, our best guess as to the value of
N, is t. At that point we have conducted

Q=1+Wo+ - +W,+[A(t+ k)] (4)

searches. What is the maximum error probability incurred by this rule over
all possible values of N > 17

Let N be the integer which our procedure guesses. If n =1 N is always 1.
For N =n>2

P(N #n U{an > [AGG+R)1}). (5)

To upper-bound this expression we introduce the following lemma.

Lemma 2.1 Let E; 1, 1 < j < n—1 be a set of independent events and
let E7,1, 1 <j<n—1bea set of independent events such that P(Ej;1) <
P(E;,)) for 1 <j<n—1. Then

PIU By < Y- PUES) - PUE)PUEL). ©)

n—1 n—1
P(J Ej) =1-P(() E;,)
j=1 j*l

=1 ﬂ P(E%,,) (by independence)

<1- m P((E7,)) (by the assumption)

U J+1
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Moreover, by Boole’s inequality

n—2

U ") S P(EJUE, )+ > P(E,) (8)

and by independence P(E* U E*_|) = P(E’) + P(E:_,) — P(EX)P(E}_,)
from which (6) follows.

O
For1<j<n-—1,A>0and fixed £k > 1 let
Epjir={Wijn > [AG+K)]} (9)
and .
P(E};41) = (2)A0H), (10)

n
Clearly, P(E, ;1) < P(E} ;). Using Lemma 2.1, (5) can be upper-bounded
by

—_

n—

UEm+1 <PU nirt) < QP ) = P(EL)P(E, ). (1)
1

.
Il

Next we introduce upper-bounds for terms in (11).
Lemma 2.2 For1 < j<2kandn>j+1

P(E*

n,n—j+1

) < exp(—Aj). (12)
Proof: For k> 1,1 <j<n—-1, A>0,

P(Woji1 > [AG +k)]) = (D)9 (by definition of W, 41)

%, 3 .

< (L) (13)

n
. n .
= exp(—A(j + k) ln(;)) = P(E, i)
Replacing 7 by n — 7 and n by z, for x > 5+ 1 let

fla) == = j+ K (=), (14)
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Notice that P(E” ) = exp(Af(n)). Then

n,n—j+1
T . 1 1
fll@)=—-In(——) - (z—j+ k(= - -)
xr—) r Tr—) (15)
x k—7j k
=—In(——) - + .
r—] T xr—)
and
1 1 k—j k
" _ = .
o =—te=t = "o
I B (e ) ol il
(@ — j) 22(x — j)?
:jx?—jQx—ij—2j(k—j)w+j2(k:—1')
2 (z — j)?
_JG = 2k)z + 52k — )
v (z — j)?
<0 (fork<j<2korifl<j<k-—1since (2k—j)z > (k—j)j).
(16)

Therefore f(x) is concave. Notice that lim, . f'(x) — 0. Therefore f'(z) >
0 for all z > j + 1. Consequently

sup f(z) = lim f(z).

Z‘Zj-‘rl Tr—r00
= lim zIn(1 — =) (17)
T—00 x
=
Hence
sup P(E;,, ;1) = lim P(E7, ;) = lim exp(Af(n)) = exp(—Aj).
n>j+1 n—00 n—00
(18)
O
Theorem 2.1 Foralln>2, A>2 k=4
n—1
P(U By 1) < exp(—A) + exp(—24) + exp(—3A). (19)

J=1
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Proof: We treat various n separately.
For n = 1 the error probability is zero.

Case 1: 2 < n < 4 Inequality (12) combined with Boole’s inequality yields

n—1

P(U B, i1y) < exp(—A) + exp(—24) + exp(—3A4) (20)

J=1

Cases n > 5
Invoking (11) and (12), for n > 5

n—1
P(|J E; ;1) < exp(—A) + exp(—24) + exp(—34) — P(E;, ,)P(E;,, )
j=1
n—4
+ P(E}, j11)
=1
(21)
Casen=2>5
Since
P(B,) = exp(—5A1n(5)), (22
P(E55)P(E5,) = exp(—(Ts5 + I's4)A)
> exp(—5.44) (by (36) and (37) below) (23)

> exp(—bAlIn(b))
= P<E;,2)
so by (21) Theorem 1.1 holds for n = 5.

Casen =26
Applying (21) for n = 6 we need to verify the inequality

P(Eg5) + P(Es3) < P(Egg) P(Egs). (24)
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Since I', , and I'y, ,,_; decrease in n,

(
(=
> exp(—5. 4A) (25)
(—5AIn(6)) + exp(—6AIn(3))

= P(Eg) P(Eg ),

which confirms Theorem 1.1 for n = 6.
Casen =17
Since I',, , and I';, ,,_1 decrease in n,
P(E; )P(E;g) > P(EL)P(EL) > exp(—5.44)
> exp(—HA1In(7)) 4+ exp(—6A ln(g)) + exp(—TA ln(g))

= P(E7,) + P(E7;) + P(Eq ) (for A >2),
(26)

whence Theorem 1.1 holds for n = 7.

Case n > 8

We begin by considering > "~ ! P(E}, ;,1). Splitting this sum into three parts,

n—4
Z P(E:;j+1) P(E;,Z) + Z n]+1 + Z P n]+1 (27)
Jj=1 2<j<2 2<j<n—4

We will treat each of the sums separately. First,

N PEL ) =Y exp(—A( +4) 1n<§>>

2<j< Jj=2 (28)

exp(—6A4) ) n
- -~ n - > .
1 —exp(—A) (since J 1
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Second,

I
M%
@
"
Z‘i
’:7
|
<
+
W
S~—
=8

IN

- (29)

IN

— 1
max  exp(2In(i) — A(n+1—4) In(——— Z 7
n —i—

1<i<n—[21-3

7T2

< Eexp(—Anln(nﬁ

4)) (by Lemma 3.2 if k = 4).

Hence,

~

n—

exp(—6A) 2 B n
1 —exp(—A) * 6 P ( Anln(n - 4)>

P(E; ;1) < exp(—5A1n8) +

1

J

exp(—6A) 2
— exp(—5A1 ST LT piEr

(30)
Next we show
exp(—6A4 . . 2 .

exp(=5AIE) + 120 < P P(EL )~ 5P (Bl (31

Forn>8 A>2
) ) 2 72
w2 2
= exp(—4.54)(1 — 5 exp(—0.5A4) > exp(—4.5A4)(1 — 5 exp(—1)) (32)
exp(—6A)

> exp(=5AME) + 7= =

whence (31) holds for n > 8 and A > 2.
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Remark 2.1 Notice that for all j > 1

lim P(E, ,—j+1) = lim exp(—[A(n —j+4)] In(
n—00 n

n—o0

“)) = esp(=4j). ()

Hence as the number N = n of objects to be found tends to infinity the
probability that we fail to quess their exact number tends to

n—1

nh_{go P(U Enji1) = hm m n]+1
j=1
n—1
= 7};120(1 - H(l — P(Epn—jt1)) (34)
j=1
=1-— H(l —exp(—Aj))
j=1

An alternative expression for this limit may be obtained by writing

[101 - exp(=47)) = exp Zln 1= exp(— A7)
= exp(— Z Z %kjk/l)) (35)

3 Appendix

We lower- and upper-bound P(E; ) for k =n,n — 1, and n — 3.
Lemma 3.1 Let Ty = —5 In(P(E},)). For A>2 andn > 2,

7 11 5
— — < * < —
exp(—A(1+ o + 2 + T2(n = 1>)) < P(E;,) <exp(—A(l+

6 20 28
P(-AQ+ -+ -—+—5——
(=A( +n+3 +SnQ(n—Q)

7
) (36)

) < (B}, Sesp(-A@+ ) (37)

n,n—1

and

8 64 64
exp(—A(4 + +— +

3n?  n%(n— 4))) < P(E,

n,n—3

) < exp(—A(4+ %)) (38)
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Proof: We derive upper- and lower- bounds of P(E} ;) by bounding T',,  for
k=n,k=n—1and k=n— 3.

First,
Lpn = (n+3)In( )=—(n+3)In(1—--)
Sy
= jnj—l = jnj (39)
=1 3.1
-1 T Sl
+ jzl<j 1w
Clearly,
7
F,,>14+— 40
W21t (40)
and

2n " 6n? | (+ 1)) ni

7 11 Hex1
<14 — 4 — 42N (41)
=1t 2 + 6n2 4 = nJ

711 5

=14+ — 4 — 4+
N 2n * 6n? i 4n%(n —1)

which gives (36). Second,

Tpmt = (n+2) In( f2) — —(n+2)In(1 - %)

©. 92 9 2 (42)
= 2—{—2;(]? —l——.)

J=1 J
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which gives (37) by calculations similar to those used in (40) and (41). Third,

we lower-bound P(E

n,n—3

" )= —ain(1- )

I3 =nln(

> 4J+1

=44+ Yy —
jzl(j—i-l)nj
8 64 . 4 4.
=4+ -+ — — (=)
+n+3n2+2j+1(n)
8 64 =4
<44 -+ — =)
+n+32 Z(n)
7=3
64 64

which gives (38).

Lemma 3.2 Let A>2, k>1, B=n—k+1,n>k and

g(x) = 2In(B — 2) — Az + k) ln(g)

Then n
sup g(x) =g(B—1)=—Anln( ).
2<z<B-1 n—k
Proof: Toward this end,
2 n Ak
") = ————— —Aln(—)+ A+ —
g(@)=—5— n(—) + A+ —
2 ex Ak
B—=x + Aln( n )+ T
ex 2k
> — 2In(— —
- B-—=x + 21n( n )+ T
= 2h(x)

For x = 2 we have In(%") = 0. Hence

2

m(z}k —(k+1)x) >0

g'(x) >

) = exp(—Al', ,—3) by upper-bounding

(43)

(46)

(47)
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for 2 <z < Bk We need to prove that ¢'(z) > 0 for 22 < 2 < B — 1.

k1" E+1
Consider . . "
Wr)=—-——=+-—— (48)

For 2L < x < B

k+1
2 1 2k
h// - __ - = -
(z) (B—1z)3 22 3
20k +1)% 2k +1)3
<217 2Ak+]) (49)

B3 B3k?

<0 fork>1.

Hence h(z) is concave on kB—ﬁ < 2 < B — 1. Therefore
nf = min{h(-2E ) A(B—1)} >0 h(B—1)>0  (50)
1 _= _ — —
ZE <e<B-1 k417 - -
h(B—l)——1+1n(e(n_k))+ b (n) (51)
N n n—k 1
1 1 k
1) — _ - _
q<n)_n—k‘ n (n—k)?
k k
k) =)y (52)
~ k(n—k)—nk <0
 n(n—k)? ‘

Thus ¢(n) N\, lim, o q¢(n) = 0 whence h(B — 1) > 0 and so g(B — 1) =

SUPn<z<p-1 g().
O
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