Working Papers in Statistics
No 2015:2

Department of Statistics
School of Economics and Management
Lund University

Singular Inverse Wishart Distribution
with Application to Portfolio Theory

TARAS BODNAR, STOCKHOLM UNIVERSITY
STEPAN MAZUR, LUND UNIVERSITY

KRZYSZTOF PODGORSKI, LUND UNIVERSITY




Singular Inverse Wishart Distribution with Application to
Portfolio Theory

TARAS BODNAR?, STEPAN MAZUR® AND KRzYSZTOF PODGORSKI® !

@ Department of Mathematics, Stockholm University, Roslagsvigen 101, SE-10691 Stockholm, Sweden
b Department of Statistics, Lund University, Tycho Brahe 1, SE-22007 Lund, Sweden

Abstract

The inverse of the standard estimate of covariance matrix is frequently used in
the portfolio theory to estimate the optimal portfolio weights. For this problem,
the distribution of the linear transformation of the inverse is needed. We obtain
this distribution in the case when the sample size is smaller than the dimension,
the underlying covariance matrix is singular, and the vectors of returns are inde-
pendent and normally distributed. For the result, the distribution of the inverse
of covariance estimate is needed and it is derived and referred to as the singular
inverse Wishart distribution. We use these results to provide an explicit stochastic
representation of an estimate of the mean-variance portfolio weights as well as to

derive its characteristic function and the moments of higher order.
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1 Introduction

Analyzing multivariate data having fewer observations than their dimension is an impor-
tant problem in the multivariate data analysis. For example, in the mathematical finance,
due to the dependence in historical data the sample size of portfolio assets should be often
considered effectively smaller than the portfolio size. In contrast to the covariance estima-
tion problem, for which the singularities due to both the small sample size and the linear
dependence between variables have been considered, see Diaz-Garcia et al. (1997), in the
portfolio theory, where the linear transformations of the inverse of covariance estimates
need to be considered, the singularity problems have not been tackled. In particular, the
problem of finding the distribution of the mean-variance (MV) portfolio weights was only
discussed for the non-singular covariance of the vector of returns and when the sample
size of assets is larger than the portfolio size, see Bodnar and Schmid (2011). Our goal
is to fill this gap and to provide results for this portfolio theory problem, when the small
sample size and the singular covariance matrix are both present. One important reason
for considering the singular covariance matrix case in the portfolio theory is that often in
for a given set of assets, there maybe strong stochastic dependence between them. This is
due to some natural interrelation between asset prices. For example, valuation of assets
within a specific industry branch often are highly correlated. If the dimension of portfolio
is relatively large there is a possibility of (approximate) singularity and the problem needs
to be addressed in the theory.

The paper has two major contributions. The first one lies in deriving the distributional
properties of the generalized inverse Wishart (GIW) random matrix under singularity of
the covariance matrix. This singular covariance case is referred to as the singular inverse
Wishart distribution (SIW). In particular, we show that under the linear transformations
the family of the SIW distributions remains within the GIW distributions. The notable
special case is when the rank of the linear transformation is smaller than the rank of
the covariance matrix. Under this assumption the distribution becomes a regular inverse
Wishart distribution. This is used in our second main contribution that gives a stochastic
representation of a linear transformation of the estimated MV portfolio weights under the
singularity conditions as well as their characteristic function and the moments of higher
order. These results are complementary to the ones obtained in Okhrin and Schmid
(2006), Bodnar and Schmid (2011).

The paper is structured as follows. First, in Section 2, we introduce basic notation
and review known facts about (inverse) Wishart distributions and their generalizations.
In Section 3, we consider the distributional properties for the linear symmetric transfor-
mations of the SIW random matrix. In Theorem 1, we prove that for a SIW matrix A,
its linear symmetric transformation LAL?, for a detereministic matrix L, remains gener-
alized Wishart distributed. Theorem 1 is then used to obtain Theorem 2 and Corollary 1

that show independence on random linear transformation. The results can be utilized for



developing test statistics in the multivariate singular problems, see Srivastava (2007) and
Muirhead (1982). In Section 4 we consider estimation of the optimal portfolio weights
under the singularity. In Theorem 4, we show the independence between the sample mean
vector and the sample covariance matrix and derive their distributions when the sample
size is smaller than the dimension of portfolio. In Theorem 7, we present a stochastic
representation of the distribution of a linear transformation for the estimated MV portfo-
lio weights. Finally, in Corollary 3 and Corollary 4, the expressions of the characteristic

function and the moments of higher order are provided.

2 Notation and basic facts

The Wishart matrix distribution is a multivariate generalization of the chi-square dis-
tribution and has been applied in numerous fields of applied and theoretical statistics.
The distributional properties of the Wishart matrices, the inverse Wishart matrices and
related quantities were established by Olkin and Roy (1954), Khatri (1959), Diaz-Garcia
et al. (1997), Bodnar and Okhrin (2008), Drton et al. (2008), Bodnar et al. (2013) among
others. In this section, we collect some basic facts about the Wishart and inverse Wishart
distributions as well as about some of their generalizations.

Let X ~ N;,(0,X ®1,), i.e. the columns of the random & x n matrix X represent
an iid sample of size n from the k-dimensional normal distribution with zero mean vector
and non-singular covariance matrix 3. If the sample size n is greater than the dimension
k, then A = XX has the k-dimensional Wishart distribution with n degrees of freedom
and the matrix parameter 3.

In Srivastava (2003), a generalization of the Wishart distribution was studied by con-
sidering the quadratic form A = XX in the case of the sample size being smaller than
the dimension, i.e. for k > n. In this case, the distribution is called the singular Wishart
in Srivastava (2003) and the k-dimensional pseudo-Wishart distribution in Diaz-Garcia
et al. (1997). The distribution is residing on the singular n x n dimensional subspace of

non-negatively definite matrices A that for the following partitioned forms

A, A
A— 11 Al (1)
A Ay

have the n X n matrix A;; non-singular and Ay, = A21A1_11A12. In an abbreviated form
we simply write A ~ Wg(n,X) both when n > k and n < k. The characteristic function
of the singular Wishart distribution is presented in Bodnar et al. (2014).

The additional source of ‘singularity’ can be due to a singular matrix parameter 3.
Here terminology is not uniquely established but in Diaz-Garcia et al. (1997) they refer to

this case as a singular matrix Wishart distribution and distinguishing the case of the rank



of 3 bigger than n by adding the prefix pseudo-. We continue to use notation W (n, X)
to cover this case.

In the case of the sample size n greater or equal to the dimension £ and a non-singular
covariance X, the inverse Wishart distribution is defined as the distribution of the inverse
of XXT. The number of degrees of freedom is set to n+ k+ 1 and the parameter is taken
as the precision matrix ¥ = X~'. We abbreviate this to ZWy,(n + k + 1, ¥).

The inverse Wishart distribution with a nonsingular ¥ can be extended to the singular
case of n < k. For this we need some basic facts about the generalized inverse matrices.
The generalized (Moore-Penrose) inverse AT of a k x k non-negatively defined matrix A of
the rank n < k can be explicitly defined through its spectral representation A = PAPT,
where A is the n x n diagonal matrix of positive eigenvalues and P is the k£ X n matrix
having the corresponding eigenvectors as columns. With this notation we have that
AT = PA~'PT. This can be also written as

| AP PATPY

At =
P,A"'PT P,A-'PY

[ an A
A5 AL

+

1]7

non-singular matrix P is made of the first n rows of P, while the k — n x n matrix P,

where the second equality serves as the definition of A, i,5 = 1,2, while the n x n
is made of the remaining k£ — n rows of P.

For A ~ Wy(n,X) and n < k, the generalized inverse Wishart distribution ZW,(n +
k 4+ 1,®) is extended as the distribution of B = AT. Note that the distribution is
residing on the same subspace of non-negative matrices as for the Wishart distribution,
i.e. matrices B such that the n x n upper-left ‘corner’ By; is non-singular and By, =
BB, 'Byy. For more properties see Bodnar and Okhrin (2008).

In this work we consider the singular inverse Wishart distribution that is defined as
the distribution of the Moore-Penrose inverse of a Wishart distributed matrix A with

n < k and a singular matrix 3.

3 Linear transformations of singular inverse Wishart

distribution

In Theorem 1 we derive the distribution of linear form of a singular inverse Wishart
distributed random matrix. The results are obtained when the covariance matrix 3
is assumed to be singular. Since terminology for the singular cases of inverse Wishart
matrices is not that well-established, to avoid confusion we express the result using the
generalized Moore-Penrose inverses and utilizing our standard notation for matrix Wishart

distributions.



Theorem 1. Let W ~ Wi (n,X), k > n with rank(X) =r <n and let L : p X k be a

matriz of constants of rank p. If m = rank(LX) = min(r,p), then
IWTL)* ~ W, (n —r+m, (LETL")T).

Moreover, if m = p, then both LW*LT and LXYLT are of the full rank p and thus

their Moore-Penrose inverses becomes the regqular inverses.

Proof. From Srivastava (2003) we get the stochastic representation of W expressed as
W £ XX” with X ~ N, (0,2 ®1,), (2)

where the symbol 2 denotes the equality in distribution.
Let ¥ = QAQT be the singular value decomposition of ¥ where A : 7 x 7 is the
matrix of non-zero eigenvalues and Q : k x r is the orthogonal matrix of the corresponding

eigenvectors. Then the stochastic representation of X is given by
X £ QAY2Z with Z ~N,,(0,1, ®1,). (3)
From (2) and (3), we obtain
W 4 QAI/ZZZTA1/2QT’ (4)

where ZZ" ~ W, (n,1,).
Since QAY? is the full column-rank matrix and A'/2Q7 is the full row-rank matrix,

we get

LW+LT i L (QAI/szTAl/QQT)+ LT

_ LQA—1/2 (ZZT)+ A—1/2QTLT
_ LQA71/2 (ZZT)—l A71/2QTLT’ (5)

because ZZ" is non-singular (cf., Greville (1966)). Finally, the identity ZZ* ~ W,(n,1,)
and the assumption that m = p after the application of Theorem 3.2.11 in Muirhead
(1982) lead to

(LWL ~ W, (n =7+ p, (LQATLATQILT) ) = W), (n =1+ p, (LEHL) ) |

This proves the case m = p.

For the proof in the case when m = r, note that here it is assumed that rank(L) =
p > r and rank(LX) = r. Then LQA /2 has a full column-rank and A~'/2QTL” has a
full row-rank. Applying the last property to (5) and using Theorem 2.4.2 of Gupta and



Nagar (2000) we get
(LW*LT)+ 4 (LQA’1/2 (ZZT)—l A71/2QTLT)+
_ (Afl/ZQTLT)+ZzT(LQA71/2)+
= 77" (6)
with Z ~ N, (0, (LETLT) Y @ 1,).
Thus, if p < n then ZZ" has the Wishart distribution with singular covariance ma-

trix, otherwise, i.e. p > n, it has the pseudo-Wishart distribution (see Theorem 5.2 of
Srivastava (2003)). O

An application of Theorem 1 leads to Theorem 2 and ensuing Corollary 1.

Theorem 2. Let W ~ Wi(n,X), k > n with rank(X) = r < n and let Y : p x k
be a random matriz such that with probability one rank(YX) = p, p < r, and which is
independent of W. Then

(YSTYD) "2 YWHY D) (YY) 2 o W, (n —r 4 p, 1) (7)
and it is independent of Y.

Proof. Since Y and W are independent, we get that the conditional distribution of
(YWHYT)™! given Y = Y, is equal to the distribution of (YoWTY{)™'. The ap-
plication of Theorem 1 leads to

Yo YOV 2HY WHY D) N Yo 2 YD) 2~ W, (n—r +p,1,)
which does not depend on Y. Hence, it is also the unconditional distribution of
(YSHYD)2(YWHYT)~{(YZ+YT)/2 which appears to be independent of Y. O

One consequence of Theorem 2 is the following corollary, where the important case of
p = 1 is considered.

Corollary 1. If W ~ Wy(n, X), k > n withrank(X) = r < n andy is any k-dimensional
random vector distributed independently of W such that y''3 is non-zero with probability

one, then

y'Ety o2
yTW+y Xn—r+1

and is independent of y.

It should be noted that in Theorem 1, the assumption that rank(X) is smaller than

the sample size n is essential. The problem of finding the distribution of the linear
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transformation of the generalized inverse Wishart distribution in the general case seems to
be difficult and remains open. Some special case in a general case can be obtained as shown
in the next result where we consider the orthogonal transformation of the generalized

inverse Wishart random matrix.

Theorem 3. Let W ~ Wy(n,X), k > n and let L : k X k be an orthogonal matriz. Then
(LWTL)* ~ Wy (n, LEL").

Proof. 1t follows from general properties of the Moore-Penrose inverse matrices (see Boul-
lion and Odell (1971)) that for an orthogonal matrix L:

(LWL)* = LWL”

and the result follows since LWL” = LX(LX)” and LX ~ N, ,(0,LYL” ® L,,). O

4 Application to portfolio theory

In this section, using the properties of the singular inverse Wishart distribution shown
in Section 3, we derive the stochastic representation of the linear transformation of the
mean-variance portfolio weights under the assumption of normality for the case when
the number of observations n from k-variate Gaussian distribution is smaller than the
dimension £k and a singular covariance matrix 3.

We consider the vector of portfolio weights w = (wy, ..., wy,) of k assets, i.e. wl1, = 1.
We assume that the asset log-returns are normally and identically distributed with mean
vector p and covariance matrix ¥. Let ¥ be a nonnegative definite matrix with with
rank(%) =r <n.

The MV portfolio, w, is the solution of the following optimization problem

T @ T
max w' g — —w 2w, 8
wiwl1,=1 a 2 ( )
where 1; be the k-dimensional vector of ones. The symbol o > 0 describes the risk
aversion of an investor.
Since X is singular, the optimization problem (8) has an infinite number of solutions.

In Pappas et al. (2010), a solution was expressed as

31,

= 1Ty, +a 'Ry with R=X"-3T1,172t /17271, (9)

Wnmv

which appears to be unique solution with the minimal Euclidean norm. Relation (9) can

be used only under the constrain 17 %1 # 0, which is assumed throughout the paper.



Finally, we point out that if we have the fully risk-averse investor, i.e. @ — oo, then the
global minimum variance portfolio is the limit case of the MV portfolio.

In practice X is an unknown matrix and should be estimated using historical values
of asset returns. Given a sample of n independent observations xy, ..., x, of log-returns

on k assets we calculate the sample covariance matrix by

n

> (xi—%)(x; —x)", (10)

=1

1
n—1

S:

where X = %22;1 x;. Replacing p and ¥ with X and S, respectively, in (9) we obtain
the sample estimator of the MV portfolio weights given by

. S*1,

_ . S+t1,17S+
Wy = + o 'RX with R=8+_ 2 _fk2

178+1, 178+1,

(11)

The distribution of wjy is of obvious interest for the portfolio theory and was dis-
cussed for the non-singular case, i.e. k¥ < n — 1, by Okhrin and Schmid (2006), Bodnar
and Schmid (2011). The following result completes the MV portfolio theory by provid-
ing the distribution in the singular case. We consider a more general case, namely the

distribution of a linear transformation of wj,y is derived. Let

LX"1,

S—_ “'LRu. 12
s, ¢ i (12)

Oy = Lwyy =

where L is a non-random p X k matrix of rank p < r such that rank(L3X) = p. Applying

the estimator (10) we obtain

LS*™1,

2 "k L o LRx. 13
1751, ¢ (13)

Ourv = LWay =
The following theorem shows that the sample mean vector X and the sample covariance
matrix S are independently distributed.
Theorem 4. Let X ~ N, (p1T, X ® 1,), k > n with rank(X) =r < n. Then
(a) (n—1)S ~ Wi(n—1,%),
(1) %~ N (1, 1),

(¢) X and S are independently distributed.

Proof. From Theorem 2.1 of Diaz-Garcia et al. (1997) the density function of X is given
by



_ 1 etr _1 o T\NT <+ _ T
109 = (50D x - ). (14

where ); are the non-zero eigenvalues of 3.

Let V = XF7 with the Jacobian of transformation equals to 1, where F is an orthog-
onal n X n matrix with elements in the last row which are equal to n~/2. The matrix V
is partitioned as V = (Z,v) where Z is k x (n — 1) and v is k& x 1. Then it holds that

XX" =VvV! = 772" +vv'. (15)

Because the first (n — 1) rows of F are orthogonal to 1,, i.e. F1, = (0,...,0,n'/?)T,

we have that
X117 = VF1L,u" = n'?vu’. (16)

Using (15) and (16) the term (X — pu12)(X — p11)? which is presented in (14) can

be rewritten as

(X — p1YX = p1HT = 227 + v —n2pvT — 0 vt + npp”
= ZZ7 + (v —n'?p)(v — n'?p)T. (17)

Hence, we obtain the joint density function of Z and v:

1 1
f(Z,v) = etr (——E*ZZT)
) = e (ITiey )07 2
1 1
X (27T)r/2 (Hr )\')1/2 exp (_é(v o nl/Ql“l’)TEJr(V - nl/Ql'l’)> )
=1 """

where Z ~ N;.,(0,X®1,) and v ~ Ny (n*/?u, ) which are independently distributed. It
leads to the fact that X ~ N (p,1/nX) and is independent of Z since v = n=1/2X"1,, =
n'/?X. Also, after the transformation S = ZZ" and the application of Theorem 5.2 of
Srivastava (2003) we obtain that S ~ Wy (n — 1, X). O

From Theorem 4 we have that S and X are independent, then the conditional distri-

bution of @gy given X = X* is expressed as

LS*1,

Oy (X) = ——F 4 o 'LRX*
mv (X7) 17s+1,
LS+1 —*Tﬁ—* Lﬁ—*
= T—k +at(n—1) x _:; —x""Rx" -
1,51, (n — X" RX TR
= Oupva+a '§ 0y (XY), (18)
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where 84,1 = LST1,/17S8%1,, & = o/(n — 1), & = (n — DXTRx"/xTRX", and
Oy (X*) = *TRXLRX" /X TRX".

In Theorem 5, we present the density function of 0 mv:1, which is the sample estimator
of the linear transformation for the weights of the global minimum variance portfolio and

plays an important role in the portfolio theory.

Theorem 5. Let Xy, ...,X, be i.i.d. random vectors with x; ~ Ni(p, %), k >n —1 and
let rank(X) = r < n —1. Consider L a p x k non-random matriz with rank(LT,1;) =
p+1<r and set Oprv.y = LET1, /17511, Then the density function of an;l is given
by

1 LRL” >

Orva ~t, (n—1+1;0u
MVl p(” TS T T TS,

where R = XT—311,173+ /17571, The symbolt,(d;a, A) stands for the p-dimensional
multivariate t-distribution with d degrees of freedom, the location parameter a, and the

dispersion matriz A.

Proof. Let L= (LT, 1;)T and define S =LSTLT = {gl]} » with Sy, = LSTLT, S,y =
ij=

LS™1,, Sy, = 17STLT and Sy = 17°S*1;. Similarly, let S =LXtLT = {E” }ij=1.2 with
S, = = LXVLT, Y, = L2t 1, Y = 17S+LT and Yoy = 17¥+1;. Then it holds
that 9MV;1 = 522 S, and Oryva = 222 3.5, Because (n—1)S ~ Wi(n — 1,%) and
rank(i) =p+1 < r we get from Theorem 1 and Theorem 3.4.1 of Gupta and Nagar
(2000) that the random matrix S = {AS/Z-J-}Z-J-:LQ has the (p 4 1)-variate inverse Wishart
distribution with (n — r + 2p + 2) degrees of freedom and the non-singular covariance
matrix 3, ie. (n—1)7'S ~ IWpi(n—1r+2p+2, 3%). Using Theorem 3 (d) of Bodnar
and Okhrin (2008) we get the density function of 5M\/;1 through

~ ~ o~ —(n—r+p+1)/2
(x) ~ |1+ Bop(x— z]2721212>T211 o (X E22 212)] )

= [+ 1E3 1 (x = Oarva) "(LRLT) ™ (x = Oagy)] 077702,

0AIV;1

where 5311.2 = EN]H — 212221/522. This concludes the argument. O

Applying the distributional properties of the multivariate ¢-distribution we have that

1 LRL”
n—r—117%+1;"

E@Mvn) =0y, and VCW’(aMV;l) =

Theorem 5 says that 0 mv:1 belongs to the same class of distribution and has the same
mathematical expectation as in the non-singular case (see Bodnar and Schmid (2008)).

The difference is present in the degrees of freedom of the t-distribution only.

10



Let b* = LRL” — LRX*<*'RL” /x*TRX* and let M” = (L7, x*, 1;) with rank(M) =
p+ 2 < r. In Theorem 6 we derived the joint density function of an;l, aMV;Q(K*) and

o*

S,

Theorem 6. Let x1,...,x, be i.i.d. random vectors with x; ~ Ni(pu,X), k > n —1
and with rank(X) = r < n — 1. Consider L a p X k non-random matriz such that
rank(LT,x*,1;) = p+2 < r and R that is defined in Theorem 5. Then EMVJ, 5MV;2(§*),

and s* are mutually independently distributed according to

— 1 LRL"
Oyva ~ t — 1,0,
MV;1 p(n r+1, MV,lan_T_i_ll{Z_,'_lk) g
~ 1
0MV;2<§*) ~ tp (TL —r+ 2, LRK*, mi*TRi*b*> s

8"~ Xifrﬂ-
P/Tloof. Let H = 1/\\/IE+MT = {Hij}iu‘:lﬁ with Hoey = 173%1; and let H = MS™7 =
{Hi;}i o1 with Hyy = 17S+1,.. Similarly, let G = Hyy —HyoHy, /Hay = {Gi; b1 with
Gy = XTEx — (xT8+1,)2/17%+1, = X TRX* and let G = Hyy — HypHy /Hyy =
{Gij}ijm10 with Gay = TSR — (x*7S+1,)2/17S71;, = **TRX".

Then

A~

~ EH ~
eM\/<§*) = —= L2 + OZ_IGI%
H22

where E = (ey,...,e,,0;) with (ey,...,e,) being the usual basis in R? and 0y is the k-
dimensional zero vector. Additionally, let b* = PAIH — ﬁlgﬁgl/ﬁgg and b* = H;; —
H,,Hy, /Hos.

The unconditional distribution of 8 wmv:1 has already been derived in Theorem 5. Next,
we prove that 0 MVl ] mv2(X), and §* are mutually independently distributed and derive

the distribution of 6 mv2(X*) and §*. Using Theorem 1 we obtain that
(n—1DH" = (n—1)(MS*M”")™ ~ Wypa(n —r+p+ 1, MZTM) ). (19)
From (19) and Theorem 3.4.1 of Gupta and Nagar (2000) we get

(n—1)""H ~ IW,a(n —r + 2p+ 4, H). (20)

11



Applying Theorem 3 of Bodnar and Okhrin (2008) we obtain that

(n—1)"'G ~ IWpii(n—1r+2p+3,G),
(n—l)flﬁgz ~ le(n—T—FQ,HQQ),

. ~ N N H2
(n—1)"Hpl(n - 1) Ha, (117G ~ N<<n—1>1H12H2;H22,<n—1>3ﬁe).

22

It leads to
(TL — 1>_1Eﬁ12 17y 1A H12 1 EGET
= n—17"Hy, (n—1)"G~N|E—/7,(n—-1
(n—1)"1Ho I( )7 Ha, ) Hay ( ) Hy

Using the fact that EGET = éu we obtain that the conditional distribution of EMV;I
does not depend on élg, @22 and ﬁgg. As a result, the unconditional distribution is
independent of élg and ézg. From Theorem 3 of Bodnar and Okhrin (2008) it follows

that élg / @22 and @22 are independent. Moreover, we get
(n — 1)71@22 ~ IWl(n —Tr+ 3, G22).

Finally, from the proof of Theorem 5 it holds that

G 1
=2, (n —r+2,LRX", —i*TRi*b*> .
Gy n—r+
Putting all together we obtain the statement of Theorem 6 . O]

The stochastic representation of 0 mv is derived in the following theorem.

Theorem 7. Let Xy, ...,X, be i.i.d. random vectors with x; ~ Ni(p, %), k >n —1 and
with rank(X) =r <n — 1. Consider L a p x k non-random matriz with rank(LT, 1) =
p+1<r and R that is defined in Theorem 5. Additionally, let S; = (LRLT)~1/2LRY/?
and Qi = STS,. Then the stochastic representation of gMV s given by

~—1a%x—1

«
Jn—rt2
V'R — VXT (R — Q)X

xI'Qx

Oyy L Opyya+a & 'LRX + (LRLT)"/?

X

[ x'RxI, — SlﬁTSIT] to,

o 2 0 1 _LRLT = 1
where §* ~ Xn—r+1s GMV;l ~ tp (n—'r’+ 1,0MV;1,mm), X Nk (ll/,ﬁZ), and

to ~ ty(n —r+2,0,1,); moreover, §*, an;b to, and X are mutually independent.

12



Proof. From (18) and Theorem 6 we obtain the stochastic representation of Oy

~—1g%x—1

«

—Tp— T —T 711/2
—_— RXLRL" — LR RL to,
n—r+4+2 [X * x> ] 0

an 4 /éMV;l +a ' LRx +

e ~ T _
where §* ~ X2, Oyva ~ t, (n —r+ 179MV;1’n++11,%1;—E1,€)7 X ~ N, (1, 1%), and
to ~ tp(n —r+2,0,1,); moreover, §*, @yv.1, to, and X are mutually independent.
Now we calculate the square root of (X’ RXLRL” — LRxx"RL”) using the following

equality
(B —cc")'/? = BY*(I, — dB™"?cc"B'?)
with d = ==V ¢ B¢ ”ci];(if%, ¢ = LRX, and B = X’RXLRL’ that leads to

~—1gax—1

a °S
Vn—rt2
V'R — /X! (R — Q)X

x'Qx

Ouy =< Oyya+a & 'LRX + (LRL”)'/?2

X iTRin — Slﬁng1 to

with S; = (LRLT)""/2LR"? and Q, = STS,. O

In the next corollary, we consider the special case of p =1 and L =17
Corollary 2. Let x1,...,x, be i.i.d. random vectors with x; ~ Ni(pu, %), k > n —1
and with rank(X) = r < n — 1. Also, let 1 be a k-dimensional vector of constants and

rank(17,1;) = 2 < r. Then the stochastic representation of gMV 15 given by

~ ~ oL 14+ —=2_4,)I"RI
Orrv < Orrvi + - 'Ry + \/( nort2 2> up |,

§* n

where é\MV;l ~tn—r—+1,0yya, ﬁlﬁﬂ/lfiﬁl@, § ~ X2, 0, up ~ N(0,1), and
up ~ F (52,222 nA) with A = p"Rp — (1"Rp)?/1"RL. Here F(ky, ko, \) denotes the
non-central F'-distribution with ki and ko degrees of freedom and non-centrality parameter

A. Moreover, the random variables ¢/9\MV;1, §*, uy and ug are mutually independently
distributed.

The application of Theorem 7 and Corollary 2 leads to the expression of the charac-

teristic function of Wy which is given in the following corollary.

Corollary 3. Let x1,...,x, be i.i.d. random vectors with x; ~ Ng(p,X), k >n —1 and
with rank(X) =r < n — 1. Additionally, let p =1, r > 2, and rank(M) = 3. Then with

13



the notation of the previous corollary, the characteristic function of Wy 1s given by

nA\
90%4v(t) = 90t(nfr+1,9MV;1,n7i+1tTRt/1£2+1k)(1)eXp BEY
> t"Rp t'Rt
X /0 oXp <Z av  2na2e? fx%*”l(v)
>, (ma)! —2 n—r+2 at’Rt
> 2 F r . _ d
IR GRS 2 onaze? ) U

i=0
where 1 Fy(-,-,+) is the confluent hypergeometric function (see Andrews et al. (2000)).

Proof. From Corollary 2 the density function of gMV = tTWyy is given by

n—r+2 [
f§MV (y) = a—r —9 /oo ft(n—r-i-l,GMV;l,n_1r+1tTRt/1£2+1k)(y — wr)
X /0 WQfXEHTH(WQ) /0 f/\/(tTRp,,(ng)tTRt/n)(54002(*)1)
n—r42
X fF(%Q,"’QH,nA) (ﬁw?’) dwydwadws, (21)

where f subindexed by a distribution stands for the density of this distribution.

Since g, (t) = ¢z, (1), the conclusion follows from the proof of Corollary 3.5 of
Bodnar and Schmid (2011). O

Another important application of Theorem 7 leads to the conditional and uncondi-
tional moments of higher order of b\MV. Let the symbol mil’._’ip(p,, ¥}) denote the mixed

moment of the p-dimensional normal distribution with parameters p and 3, and let

Ck‘l,...,kp — Ckl 2 11 ,
N1,..Np (8) H Mg 1’1(8/2)

where C’,’f; = n;!/k;!{(n; — k;)! is a binomial coefficient. The statement of the corollary
follows from Theorem 7 and the binomial formula which is applied three times and we

omit the proof details.

Corollary 4. Let x1,...,x, be i.i.d. random vectors with x; ~ Np(p,2), k > n —1
and with rank(X) = r < n — 1. Consider L a p x k non-random matriz such that

rank(LT,x*,1;) = p+2 < r. Then the conditional mized moments of the aMV(K*) are
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given by

p
T ~_1.x—1_T]n n; | <*
Eni..., np — E(H(el 0MV;1+05 s e 0MV;2> ’X—X>

i=1

= Z Z o z 1 nl Ji C]l,’-:...gfp (n —_r + 1)

i=1 ji=

p Ji

>< <ZZC£?.::;;-’Z”<n—r+1>

P T

1  LRL
T k; ) )

8 Ha" Oav )Mty (0’ n—r+1 1{2+1k)>

P ni—Ji
N

P sk T R *
b*x* RX
X H(ITRX )1, —J1=q1,p—Jp—p <O’ n—r4+2 >> ’

where LT = (14, ..., 1,).

@
I
-

The above result can be used to obtain the formula for the unconditional mean and

variance of the estimator

~ L2+1k n—1
E(eMV) = 1ZE+1k + n—1r—1

a 'LRu (22)

and

) 1 LRL" -2 T T TRTT
Var(@yyv) = ST SSTTN +a “(c;p” RuULRL® + coLRpp” RLY)

a2 (n—1)2
— - 1)+ ——— | LRL". 2
+ n (CQ+01<T )+(n—r+1)2) R ( 3)
Indeed, from Corollary 4 it holds that
LX*1 —1
E(@yy|R=%) = Ey T G LRR

1TE+1k n—r—1
and

1 LRL”
n—r—1 1£Z+1k

Var(@yy|X =X*) = + o ®TRX'LRLY + ¢,LRX'X"RLT)

with

_ (n—172%n—-r+1)
n—=r)(n—r—1)(n-—r—23) n—r)n—r—12%Mn—-r—23)




The final form of the conditional mean and variance, then follow easily from the following

standard relations

E(an) =FE (E(/éMV|§ = fﬁ))
and
Var(b\Mv) =F (Var(aMVE = i*)) + Var (E(anli = T))

See also Bodnar and Schmid (2011) for more details.

5 Summary

Distributional properties of the linear symmetric transformations of the inverse sample
covariance matrix are very important tool for derivation of the distribution of the esti-
mated optimal portfolio weights. In the present paper we provide its distribution when
the sample size is smaller than the size of portfolio and the covariance matrix is singular.
Several important special cases of the transformations are considered and can be utilize
in the portfolio theory. Assuming independent and multivariate normally distributed re-
turns we prove stochastic independence between the sample mean vector and the sample
covariance matrix, and derive their distributions under the singularity. Moreover, we
extend results which are obtained by Bodnar and Schmid (2011) by providing a stochas-
tic representation of the estimated MV portfolio weights. Additionally, we obtain the

expressions of the characteristic function and the moments of higher order.
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